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ON THE KERNEL OE THE PUSH-FORWARD HOMOMORPHISM 

BETWEEN CHOW GROUPS. 

KALYAN BANERJEE, JAYA NN IYER 


Abstract. In this paper, we prove that the kernel of the push-forward homomorphism 
on d-cycles modulo rational equivalence, induced by the closed embedding of an ample 
divisor linearly equivalent to some multiple of the theta divisor inside the Jacobian variety 
J(C') is trivial. Here C is a smooth projective curve of genus g. 
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1. Introduction 

In this paper, we investigate the kernel of the push-forward homomorphism on Chow 
groups induced by the closed embedding of a smooth irreducible ample divisor D inside 
a smooth projective variety X, over the held of complex numbers. Assume the dimension 
dim{X) = n and \ei j : D ^ X be the closed embedding . This question is motivated 
by the following results and conjecture. When Chow groups are replaced by the singu¬ 
lar homology of a smooth projective variety over C, the (dual of) Lefschetz hyperplane 
theorem gives an isomorphism of the pushforward map: 

j.-.Hk{D,Z)-^Hk{X,Z) 

for k < and surjectivity when k = n.. 

M. Nori |No[ Conjecture 7.2.5] gave improved bounds on the degrees of singular coho¬ 
mology for the standard Lefschetz restriction maps, and when D is a very general ample 
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divisor of large degree on X. Furthermore, he conjectured the following on the restriction 
maps on the rational Chow groups: 

Conjecture 1.1. Suppose D is a very general smooth ample divisor on X, of sujficiently 
large degree. Then the restriction map: 

j* : CHP{X) (g) Q ^ CHP{D) (8) Q 

is an isomorphism, forp < n and is injective, forp = n. 

More generally, we have (see |Pal Conjecture 1.5]): 

Conjecture 1.2. Let D he a smooth ample divisor in X. Then the restriction map for 
the inclusion of D in X: 

CHP{X) ® Q ^ CHP{D) ® Q 
is an isomorphism, for p < . 

It seems reasonable to pose the following dual of above Chow Lefschetz questions: 

Conjecture 1.3. The pushforward map on the rational Chow groups, for a very general 
ample divisor D <Z X of sufficiently large degree: 

j,,-.CHk{D)(^Q^CHk{X)(^Q 

is injective, whenever k > 0. 

Similarly, we could pose the dual version of Conjecture 11.21 

Our aim is to verify these conjectures when D is the theta divisor on the Jacobian of a 
smooth projective curve, and special smooth divisors linearly equivalent to a multiple of 
the theta divisor. 

Let C be a smooth projective curve of genus g and let 0 denote a theta divisor inside the 
Jacobian J{C) of C. 

Suppose TT : C —)■ C is a ramihed hnite Galois covering of degree n, forn > 1. Let G denote 
the Galois group such that C = C/G. Then the induced morphism vr* : J{G) —?■ J{C) 
is injective. Furthermore, for a suitable translate of the theta divisor in J{C), the 
restriction on J{G) is a smooth, irreducible, ample divisor He which is linearly equivalent 
to n0. 

Then we show the following. 

Theorem 1.4. Suppose G is a smooth projective curve of genus g and He he as mentioned 
above. Let je denote the closed embedding of He inside J{G). Then the kernel of the 
push-forward homomorphism je* '■ CHk{He) OQ —)■ CHk{J{G))<^Q is trivial, fork > 0. 

Note that He is a special ample divisor in the linear system |n0|, since it is restriction 

of 0 on J{G). It will be interesting to look at the situation when He is a general smooth 
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divisor in |?7,0|. However, as pointed ont by C. Voisin, we cannot expect injectivity on 
CHo{Hc)q -t CHo{J{C))q, when He is very general. 

The proof ntilises localization seqnence of higher Chow gronps, applied to G-fixed snbvari- 
eties of the Jacobian of C. An application of a theorem of Collino |Co| Theorem 1], which 
shows the injectivity, for fc-cycles on inclnsions of lower dimensional symmetric prodnet 
SymH[C) of a curve C inside Sym^{C), for m < n, gives us the required injectivity. In 
the final section j|5l we also extend his theorem for the pushforward map on higher Chow 
groups of symmetric powers of a curve, and for any of its open subset. This is crucial in 
proof of Theorem 11.41 

Instead of rational Chow groups, the group Ak{X) of algebraically trivial fc-cycles on 
X modulo rational equivalence can be considered. A weaker problem is posed in the 
following. 

See |Vol Exercise 1, Chapter 10]. Let S' be a smooth, connected, complex, projective, 
algebraic surface embedded inside some P^. Let Ct be a general smooth hyperplane 
section of S and jt be the closed embedding of Ct into S. Let Ht be the Hodge structure 

which is induced from the Hodge structure of and At be the abelian variety 

corresponding to Ht inside J{Ct). Then the kernel of the push-forward homomorphism 
jt* from Ao(Gt) to Ao(S') is a countable union of translates of an abelian subvariety Aq,* 
of At- For a very general Ct, the abelian variety A^^t is either 0 or A^. 

If the albanese map from Ao(S') to Alb(S') is not an isomorphism, then for a very general 
t, the kernel of the push-forward homomorphism jt* is countable. 

In |BG] . the first author and V. Guletskii extended the problem to even dimensional 
smooth projective varieties over any algebraically closed, uncountable ground field. For a 
smooth cubic fourfold in P^, and for a very general hyperplane section on it, it is shown 
that the kernel of the push-forward homomorphism on algebraically trivial algebraic 1- 
cycles modulo rational equivalence, induced by the closed embedding of the hyperplane 
section into the cubic fourfold, is countable. 

We consider the Jacobian variety J{C) of a smooth projective curve C and the associated 
Kummer variety K{J{C)) := Here i is the inverse map on J{C). We consider the 

image of a symmetric theta divisor 0, i.e. z(0) = 0. 

We show: 

Theorem 1.5. Let C be a hyperelliptic curve of genus four and D denotes the image of 
a symmetric theta-divisor 0 under the natural morphism q : J{C) —)■ K{J{C)). Let j' 
denote the closed embedding of D into K{J{C)). Then A^{D) is trivial and hence the 

kernel of the push-forward homomorphism j'^ from A^{D) to A^{K{J{C))) is trivial. 
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Notations: Here k is an uncountable, algebraically closed field and all the varieties are 
defined over k. Denote 

CHa{X)^ ■.= CHa{X)®Q. 

Here A is a variety of pure dimension n, defined over k and CHd{X) denotes the Chow 
group of d-dimensional cycles modulo rational equivalence. 

We denote Ad{X) the group of algebraically trivial k- cycles on X modulo rational equiv¬ 
alence. Let 

A^{X) := A,i^x-ci{X), CH’^iX) := CHa.^x-d{X). 

We write 

CH^{X, s)q := s ) 0 Q 

the Bloch’s higher Chow groups with Q-coefficients. When A is a singular variety, we 
replace above Chow groups by Fulton’s operational Chow groups. This will be essential 
in proof of Theorem 13.11 where we consider the operational Chow groups of theta divisor 
©c which is a singular variety. 


2. Kummer variety of a hyperelliptic curve 


In this section we consider a hyperelliptic curve C of genus 4 and the Kummer variety 
K{J{C)) associated to the Jacobian J{C) of the curve C. Let 0 denote a symmetric 
theta divisor inside J{C) and let D denote the image of 0 inside A(J(C)), under the 
natural morphism from J{C) to K[J[C)). We would like to investigate the kernel of the 
push-forward homomorphism at the level of Chow groups of one cycles, induced by the 
closed embedding of D in K{J{C)). 

First we prove the following two propositions which are true for any smooth projective 
curve of genus g. Dehne the map i from Vic^~^C to itself, given by 

= Kc ® &{-D) , 


where for a divisor D, ff{D) denote the line bundle associated to D and Kq is the canonical 
line bundle on C. Consider a theta characteristic r such that = Kc- Consider the 
following map 

: Pic^-^C ^ J{C) 


given by 


^{D) ^ ff{D)®T-^) . 


Lemma 2.1. The following square is commutative. 
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Pic^-^C'-^-- Pic^-^C' 


(giT-l 


J{C) -^-- J{C) 


Proof. First observe that i o ((g)r is ff{—D) (8)r. On the other hand (8 )t ^ oi 

Kc^ 

G‘{-D) ® r'^ ®T~^ 

® T . 


IS 


eqnal to 
that is nothing but 
which is equal to 

i 

So the above diagram is commutative. 


□ 


The commutativity of the above diagram gives us a map from Pic^ to the Kummer 
variety K{J{C)). 

Now assume that C is hyperelliptic, and h : O —?■ be the hyperelliptic map. So we 

have the following commutative triangle 


C -^ 

h 

pi 

where i is the hyperelliptic involution induced by the degree 2 morphism h. We will use 
the following. 

Theorem 2.2. (^ |Ha] ,IV,5.A)Let D be an effective special divisor on a smooth curve C, 
then 

dim(|T)|) < ^deg(T>) . 

Furthermore equality occurs if and only if D = 0 or D = Kq or C is hyperelliptic and D 
is a multiple of the unique g\ on C. 

In the above theorem denotes a linear system of dimension r and degree d. Also by 
special divisor we mean a divisor D such that the dimension of the linear system associated 
to Kq — D is greater than zero. 
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Let I be the map from Sym^ to Pic^ given by 

1{D) = ff{D) , 

where ff{D) denote the line bundle associated to the divisor D. Consider ic ■ Sym®“^C —)■ 
Sym^^^C* given by 

*c(-Pi + ■ ■ ■ + Pn) = *(-Pi) + • • ■ + i{Pn) , 
where i is the hyperelliptic involution on C. We show: 

Proposition 2.3. The following diagram is commutative. 

- - -- Pic^-^C 

ic i 

^-- Pic^-^C 

In other words, the involution i lifts on the [g — l)-st symmetric power of the curve. 

Proof. First, |Hal Proposition 2.3] gives: 

Kc = h*Kpi + ^{B) 

where B is the branch divisor of the morphism h and degree of i? is 25 f + 2. Now we have 
to show that ff{ic{D)) is Kc — ff{D). In other words, we have to prove that 

ff{ic{D)) ® ff{D) = Kc 

that is 

^iD + iciD)) = Kc. 

Here ic is the involution induced on the symmetric powers of C dehned above, by the 
involution i on C. Observe that D + ic{D) is invariant under the involution ic. 

Now consider the morphism h : C —)■ P^. We compute K{Kc — D — icD), that is the 
dimension of the vector space of global sections of the line bundle Kc — ^{D + icD). By 
Riemann-Roch theorem we have that 

+ icD)) - h^{Kc - ^{D + icD)) =2g-2-g + l= g-l. 

Observe that deg(iCc — ff{D + icD)) = 0. Now for a divisor D the degree is zero means 
that either the divisor is zero, in this case we have K{D) is one or D is non-zero. In the 
case D is non-zero, we have K{D) = 0, otherwise the line bundle associated to D would 
be trivial. 


Kc = + icD) 
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So we have two cases 








or 


h\Kc- ^{D + icD)) = {) . 

Suppose that h^{Kc — ff{D + icD)) = 0. So by the Riemann-Roch theorem we get that 

+ icD)) = 2g-2-g + l = g-l. 

By the theorem 12.21 we get that ^{D + iD) is equal to for a line bundle L E gl on 
C. We have 

Kc = h*Kpi + &{B) 

and also by 12.21 we get that any two divisors of degree 25 f — 2 on a hyper-elliptic curve C, 
are linearly equivalent, that is the corresponding line bundles on C are isomorphic. This 
tells ns that h*fff,i{g — 1) and are isomorphic. By the projection formnla we get that 

which is nothing but 


Since is isomorphic to to ^), we have h^{L^ is greater than 

g — 1 which is a contradiction. So the possibility that h^{Kc — + icD)) = 0 is rnled 

ont and we have the only possibility 

Kc = &{D + icD) . 

This gives us the commutativity of the diagram. 

Sym^-^C-^-- Pic^-^C 

i i 

Sym^-^C-^-- Pic^-^C 

This ends the proof. □ 

Next, for Chow groups computations, we identify Pic^“^C with J{C) using a base point 
Pq E C. The image of Sym^^^C in Pic^“^C is denoted by 0 and it is symmetric under i, 
by Proposition 12.31 

Theorem 2.4. Let C be a hyperelliptic curve of genus 4 and let JP(Pic^C') denote the 
Kummer variety associated to Pic^C*. Let D denote the image of a symmetric theta- 
divisor 0 under the natural morphism from Pic^C to iP(Pic^C). Let j' denote the closed 
embedding of D into iP(Pic^C'). Then A^{D) is trivial and hence the kernel of the push- 
forward homomorphism j I from Af{D) to y4^(JP(Pic^C')) is trivial. 
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Proof. The commutativity of the diagram in l2.3l gives us a map from Sym^C/z to Pic^C /i = 
A'(Pic^C'), where the first morphism is biratioual aud the secoud oue is fiuite. Now 
Sym^C/z is isomorphic to Sym^P^, which is isomorphic to the projective space P^. Note 
that y4^(P^) is trivial heuce weakly represeutable. Siuce weak represeutability of is 
a biratioual iuvariaut, we get that A^(D) is isomorphic to au abeliau variety A. By 
the propositiou 6 iu |BGj we get that the keruel of the push-forward homomorphism j' 
from A^{D) to A^(iP(Pic^C')) is a couutable uuiou of trauslates of au abeliau subvariety 
Aq of the abeliau variety A represeutiug A^{D). Siuce is trivial, we get that 

the abeliau variety A is trivial. So the keruel of the push-forward homomorphism j' is 
trivial. □ 


3. Inclusion of theta divisor into the Jacobian 

Iu this sectiou we iuvestigate the keruel of the push-forward homomorphism, iuduced by 
the closed embeddiug of the theta divisor iuside the Jacobiau of a smooth projective curve 
C of geuus g. More precisely we prove the followiug theorem. 

Theorem 3.1. Let C be a smooth projective curve of genus g. Let Q be a symmetric 
theta-divisor embedded inside J{C) and let j denote the embedding. Then the kernel of 
the push-forward homomorphism j^^ from CHci{Q)q to CHd{J{C))^ is trivial. 

Siuce 0 is a siugular variety CHdiQ) will deuote Fultou’s operatioual Chow groups. Iu 
particular, pullback morphisms ou these groups are dehued iuduced by arbitrary mor- 
phisms X —)■ 0. Note that operatioual Chow groups of a smooth variety are the same as 
the usual Chow groups. 

Proof. It is well kuowu that the map from Sym^'^C* to 0 is surjective aud biratioual. Let 
us fix a poiut P iu C. Cousider the followiug map jc from Sym^^^C* to Sym^C* dehued 
by 

Pi + • ■ ■ + Pg-i eA Pi J- ■ ■ ■ J- Pg-i + P . 

Here the sum deuotes the uuordered set of poiuts of leugths {g — 1) aud (g). 

With this dehuitiou of jc we observe that the followiug diagram is commutative. 

Sym^-^C- - -- 0 

jc i 

Sjm^C - - -- Pic>^{C) 

We prove that commutativity of this diagram gives us the followiug formula at the level 
of CHd. 

j* = g* o jc* o Qe 
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To prove this we notice that for a prime /c-cycle V in CHd{Q) we have 

(q ° jc)iqe\V)) = (j o qe){q-\V)) 
by the commntativity of the above diagram. Now g© is surjective, so 

«e(te‘(r)) = r. 

Now suppose that E is the exceptional locus of g© in Sym^“^C such that g© is injective 
on Sym®“^C \ E into 0. Now suppose a be a cycle class in and it is non-zero 

and supported on the complement of E, then g^ is non-zero due to birationality. Suppose 
a is supported on E and g©(Q!) is zero. Then we prove that a is torsion. 

Lemma 3.2. Let E he a closed subscheme in Sym™C. Then the closed embedding of 
E into Sym"'C' for m < n induces a push-forward homomorphism at the level of Chow 
groups which has torsion kernel. 

Proof. Let E he a. closed subscheme inside Sym”^^, then we consider the embedding of 
Sym^C* into Sym"'C'. We want to prove that j \ E ^ Sym^C* gives rise to an injective 
push-forward homomorphism at the level of Chow groups. Consider the projection from 
■k~^{E) to C™. The elements of 7r“^(i?) are of the form (xi, • • • ,p, ••• ,p, ••• or 
(xi, • • • , XmiPi ■ ■ ■ ,p)- Therefore the elements of the image of the projection from 7i~^{E) 
will look like (xi,p, ••• ,Xj) or (xi, • • • ,Xm)- So the image will be a union of disjoint 
Zariski closed subsets of C™, one of which is 7r“^(L'). So consider the correspondence 
T' given by the Graph of the projection from 7r~^{E) to Sym™'C. Then define T to be 
TTn X 7rm(r'), that will give us a correspondence on Sym^C x E. Then bv 15.51 we get that 
the homomorphism T^j* is induced by the cycle {j xid)*{r). Now we compute this cycle. 
So (j X id)“^(r) is nothing but 

{([ei,--- - , e'J)|([ei, • • • ,e^,p--- ,p],[e;,--- ,e'J) e T} . 

That would mean the following (ei, • • • ,p, • • • , Cm) and (ei, • • • , em,P, ■ ■ ■ ,p) are in 7i~^{E) 
and (ej, • • • , e^) is in the image of the projection. So we have 

(ci, • • • , e^) — (ci, • • • , Cm) 

or 

4=P 

for some i. That would mean that {j x id)~^{r) = Ae U Y where Y is supported on 
Sym™“^C n E. Arguing as in |Co] we get that 

{j X id)*{T) = dAE + D 

where D is supported on Sym™“^C'nL'. Then consider p to be the open immersion of the 
complement of Sym^^^C C E in E. Since D is supported on Sym'”“^C' D E we get that 

p*T,UZ) = p*{dZ) . 
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As previous consider the diagram. 


CH^Sjm^-^C n E) > CH,{E) > CH,{Xo{m)) 

j* 

CH,{Sjur-^C n E) CH,{SjuEC) -- CH*{U) 

Xo(m), U are complement of Sym^^^Cfli? in E, Sym"C respectively. Then suppose that 
we have 


j*{z) = 0 


that gives us that 


p*TJ^{z) = p*{dz) = 0 


so there exists some z' such that i\{z'^ = dz. But by the above diagram we have j"{z') = 0. 
So by induction if we assume that j” has torsion kernel then we get that d'z' = 0, so we 
have dd'z = 0. So the kernel of the map from CH^{E) —)■ C'i/*(Sym"C') is torsion, 
consequently CH^{E) CH^^^Sjm^C) has torsion kernel. □ 


Since Sym^C is a blow up of J{C), we have the the inverse image E' over E a projective 
bundle. By the projective bundle formula we have CH^,{E) —)■ CH^,{E') injective and by 
the above lemma CH^,{E') —)■ C'i/*(Sym^“^C') is torsion. It will follow from this that if a 
is supported on E and O'©(a) is zero then a is torsion. So considering Chow groups with 
Q-coefficients we get that g© is injective. 

Since jc* is injective by theorem 1 in from CHdiSjm’^ to CHdiSym^^C)^, we 

get that jc*(le injective. Since q^ia) is not zero, we get that jc*°qei^) i® supported 
on the exceptional locus of q. This is because of the fact that g© is the restriction of g. 
Now consider the following hber square. 


Sym^C \ E' -- Sym^C 

q 

U -- J{C) 

where E' is the exceptional locus of the map Sym^C —)■ J(C), and U be the open sub¬ 
scheme of J{C) such that Sym^ \ E' is isomorphic to U. This hber square gives us the 
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following commutative square at the level of Chow groups. 


\ E\ 

q* 

CH4J{C))^ -- CH,{U)^ 

Since j^q^i^a) is not supported on E', we get that the image of j^qQ^a) under the pull 
back homomorphism CHdiSjm^C)^ —)■ CHdiSjm^C \ E')^ is nonzero. Also observe that 
the right vertical homomorphism above is an isomorphism, so j^,qQ{a) is mapped to some 
non-zero element in CHd{U)q. By the commutativity of the above diagram, we get that 
q*{j*qe{(y)) is non-zero. In other words j*(a) is non-zero. So j* is injective. □ 

3.3. Finite group quotients of J{C). Now we prove that the kernel of the push-forward 
homomorphism from CHd{D) to CHd{K{J{C))) is trivial. More generally let G be a hnite 
group acting on J(G), where G is a smooth projective curve of genus g. Let 0 denote the 
theta divisor of J{C) such that G(0) = 0. Then we prove the following. 

Proposition 3.4. Let jc denote the embedding ofQ/G into J{C)/G. Then the kernel of 
the push-forward homomorphism jc* from CHd{Q/G)Q to CHd{J{G)/G)q is trivial. 

Proof. By theorem 13.11 it suffices to check that the action of G intertwines with j*- That 
is we have to show that 

= 3 *{ 9 -o) 

for any a in CHd{Q) and for any g E G. For that write a as Then 

9-{3*{a)) = 9-{^nij{Vi}) = ^nig{Vi) 
since j is a closed embedding, we have 

^riigiVi) = 3*C^nig{Vi)) 

that is same as 

3*{9-a) ■ 

By [Ful Example 1.7.6], we have 

CHd{e/G)Q = CHdief^ 

where CHd{Q)Q denotes the G-invariants in CHd{Q)Q. By the above intertwining of the 
group action of G, we get that j*\cHi{e)^ takes it values in CHd{J{G))^. Since j* is 
injective we get that i*\cHi{e)° is injective and i*\cHi{B)^ is nothing but jc*- So we get 
that jc* is injective. □ 
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4. Special ample smooth divisors on J{C) 

Let nQ denote the n-th multiple of ©c, that is 

0 + --- + 0 

n times, inside the Jacobian of a genus g smooth projective curve C. Since hP{nQc) = 
we can choose He, a smooth, irreducible, ample divisor on J{C), linearly equivalent to 
77,0. We are interested to investigate the kernel of the push-forward homomorphism at 
the level of Chow groups with rational coefficients, induced by the closed embedding of 
He into J{C). Consider a Galois covering 

TT-.C 

of degree n branched along r points where r > 1. In particular let G be a hnite group 
acting on C such that C = C/G. 

Let vr* denote the morphism induced by tt from J{C) to J{C). Since tt* is injective by 
(En Corollary 11.4.4], we identity the image of tt* with the polarized pair {J{C), He). 
Let us denote genus of C by 'g. Note that for a general translate of 0g, the restriction of 
the translate to J{C) is smooth and irreducible. Since by |BL1 Lemma 12.3.1], 

(7r*)*(0g)=770c = iJc, 

we have He is equal to J{C) fl 0g, and it is smooth and irreducible. 

Note that He is special in the linear system |n0c| since it is restriction of and for a 
general member of n0c, this does not happen. 

Denote CH,{He)q := CH,{He) ® Q and CH,{J{C))^ := CH,{J{C)) ® Q. In the 
following, we identify PiG{C) = J{C) and PiG{C) = J{C) (without specifying a choice 
of base point). 

Theorem 4.1. Let C be a curve of genus g and He he as mentioned above. Let je 
denote the closed embedding of He inside J{C). Then the kernel of the push-forward 
homomorphism je* from CHd{He)Q to CHd{J{C))q is trivial, for k >1. 


Proof. By the above discussion we have the following commutative diagram 

He -- 0 ; 


'c 


Jc 




AC) 


AC). 
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This diagram gives us the following commutative diagram at the level of CH^,. 


CH, 


3C* 


CHi(J(C))Q 


GH,(eg)Q 


3c* 


CH,{J{C))q 


Using 13.11 we get that is injective. To prove that the homomorphism jc* is injective 
we use the localization exact sequence of Bloch’s higher Chow groups (Hlj. First note that 
Sym^^^C* is birational to 0g, and Sym^C* is birational to J{C). Consider the natural 
morphism from Sym®(C') to J{C). Let H'u,J{Cy denote the scheme theoretic inverse 
images of He, J{C) in Sym^C. Now fix a base-point Pq in C and we consider the inclusion 
Synp-i(5 SynPC given by 


Pi Pg-l Pi Pg-1 + Pq • 

Then by using the localization exact sequence at the level of higher Chow groups we have 
the following commutative diagram: 


C'P,(Sym^-'C', 1)-- CH.iSym^-^C \ H'^, 1)-- CH^{H'c) -- CH^i^yuP-^C) 


CH,{^ym^C, 1)-- C'P,(Sym^C' \ J{C)', 1)-- CH,{J{C)') -- C'P,(Sym^C') 

Since C = C/G, consider the induced action of G on symmetric powers of G. The group 
G acts component wise and we have Sym^'^C/G is isomorphic to Sym®“^G and similarly 
Sym®G/G is isomorphic to Sym^G. Since G acts trivially on G, we get that G acts 
trivially on J{C)' and respectively. So G acts trivially on CH^^Hq) and CHd{J{Gy). 

Now consider the G-invariant part of the above G-equivariant commutative diagram with 
Q-coefficients. That is consider 

GP,(Sym^-'G, 1)«-- GP,(Sym^-'G \ 1)^-- -- GP,(Sym^-'G)g 


GP,(Sym^G, l)g-- GPd(Sym^G \ J(G)', l)g-- GP,( J(G)')g-- GP,(Sym®G) 
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and it becomes 


\ H'c, 1)q 


CH,{H'ah 


CHd{Sjm^-^C)Q 


CH,{Sjm^-^C, 1 )q 


CH^iSym^C, 1)q-- CH^iSym^C \ J(C')', 1)q-- CHd{J{C)% -- CH^iSym^Ch 

The formula in |Fu[ Example 1.7.6] also holds for the higher Chow groups. 

Since C is of genus g and Sym^^^C, Sym^C are of dimension 'g — 1,'g respectively, we 
get that Sym®“^C, Sym^C are projective bundles respectively, that is a 

p9-9-i^p9-9 bundle respectively and g > g + 1- So by the projective bundle formula 
as in [BI] we have, when d = 1, 

C'i/i(P5(^^\ 1 )q = 1)q © 1)q 

and 

C'/7i(p57®), 1)q = H^-<^-\CHo{J{C), 1)q © .CH,{J{C), 1)q 

where H denote the class of the line bundle in Pic(Pj(c')) and we have 

OT.(Py»y)5 CTi(P5j»,)Q. 

Similarly, we could apply projection bundle formula for all fc > 0, to deduce isomorphisms. 

By Corollary 15.101 in section [5l proved for higher Chow groups with Q-coefficients, we 
have that the homomorphism 

C'i7rf(Sym^-^-'C' \ 1 )q ^ CH,{^ym^-^C \ J{C)\ 1)q 

is injective. Also by Collino’s theorem in |Col Theorem 1] we have that the homomorphism 

^//^(Sym^-^-'CjQ ^ C'i7,(Sym5-"C')Q 

is injective. Now suppose that we start with some non-zero element in CH and 
suppose that it goes to something non-zero in CHci{Sym^~^~^C)Q, since the homomor¬ 
phism from CHci{Sym^~^~^C)Q to CHd{Sym^~^C)Q is injective, we get that the non-zero 
element we started with in CH goes to some non-zero element in CHd{J{Cy)Q. 
Now suppose that the element that we choose from CHd{Hy)Q goes to zero under the ho¬ 
momorphism CHd{H'(j)(s^ to CH Then by the localization exact sequence, 
it follows that the element in CHd{H'u)q is in the image of the homomorphism 

\ H'c, 1 )q ^ CHd{H'c)Q . 

Suppose the element in CHci{Sym^~^~^C \ H^, 1)q is nonzero. Since the map 

CHdiSym^-^-^C \ H'^, 1)q ^ CHd{Sym^-’^C \ J(C)', 1)q 

is injective, the image of that element in CHd{Sym^~^C \ J{Cy, 1)q is non-zero. Either 
this element goes to zero or it is mapped to a nonzero element in CHd{J{C)')iQ. If it 

goes to a nonzero element, then the element we started with from CH goes to a 
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non-zero element in CHd{J{Cy)q. Suppose the element in (^//^(Sym^ ^C\ J(C)', 1)q 
goes to zero in CHd{J{Cy)iQ. Then the element is in the image of the map 

1 )q ^ CHdiSym^-^C \ J{Cy, 1 )q . 

Then by using the isomorphism CH with C'iJrf(Sym^“^C, 1 )q, we get 
that this element, comes from an element in CHd{Sjm^~^~^C,l)Q, then composing the 
two maps 


CHd{Sjm^->^-^C, 1)q ^ CHdiSym^-^-^C \ 1)q ^ CHd{H'c)^ 

we get that the element we started with in CHd{Hy,)iQ is zero, which is a contradiction to 
the fact that we started with a non-zero element from CHd{HQ)iQ. So we prove that the 
map from CHd{Hy,)Q to CHd{J{Cy)Q is injective. 

Now H'q is birational to He and J{Cy is birational to J{C). So we have the commutative 
diagram 


CHdiH'ch -- CHd{J{C)% 


CHdiHch - CHd{J{C))Q 

Then arguing as in proposition 13.11 and noting that the support of a cycle on Hq does 
not lie on the exceptional locus of the birational map from J{Cy to J{C), we prove that 
the homomorphism jc* at the level of Chow groups of fc-cycles with rational coefficients 
is injective. □ 


Now we want to prove the following. 

Proposition 4.2. Let He he as in the previous theorem. Then the push-forward B^,{He) 
to B^{J{C)) is injective, where B^ denote the group of algebraic cycles modulo algebraic 
eguivalence. 


Proof. For that hrst we note that the Collino’s argument as in E3 goes through for B^. 
Meaning that if we consider the closed embedding of Sym™'C into Sym"'C', then the push- 
forward at the level of i?* is injective. So let C* be a curve which is a ramiheld Galois 
cover of C, such that J{C) is embedded in J{C). Let 9^ be the theta divisor of J{C) 
and let He = 9 qP[ J{C). Let H'^ be the inverse image of He in Sym^“^(C) and J(C)' be 

the inverse image of Sym^(C'), where 'g is the genus of C. First we prove that B^{Hy) to 
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B^,{J{Cy) is injective. Then we consider the Cartesian sqnare 

H'c -- j{cy 


He -- J{C) 

argue as in proposition 13.II to get that B^,{Hc) to B^,{J{C)) is injective. For that we prove 
the following lemma. 

Lemma 4.3. Consider a Cartesian square 

SynCX Xz Y -^ Y 


Sym"X-^ Z 

where Y ^ Z is an embedding then the inclusion Sym^X Xz Y to Sym^X Xz Y. Let j 
denote the embedding of Sym™'X XzY to Sym^X XzY for m < n. Then j* is injective 
at the level of B^. 

Proof. Let i be the embedding of Sym”^X Sym^X, where m < n. Let j denote the 
embedding of Sym^X XzY ^ Sym^'X XzY. Let F be as before, 

F = 7r„ X 7rniGraph{prn,m)) 

where pUn^m is the projection from X” to X"^. is the natural morphism from X* to 
Sym*X. Let tt denote the projection morphism from (Sym"'X X) x (Sym^X x^ X) —)■ 
Sym"X X Sym^X. Then consider the correspondence 

7r*(F) = F' 

supported on (Sym"'Xx^X) x (Sym^Xx^X). Arguing as in l5.5l in the previous section we 
can prove that Fj,A is induced by {ixid)*Vy which is equal to {jxid)*'K*V = {no(^j xid))*V. 
Now we have the following commutative diagram. 


Sym'^X XzY X Sym'^X Xz X-^ Sym’^X x^ X x Sym™X x^ X 


j xid 


TT 


Sym”^X X Sym”^X- — -- Sym^X x Sym™X 


So we get that 


TT o (j X id) = (i X id) x tt' 
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therefore we have that 

(tt o (j X i(i))*r = 7r'*(i X id)*T . 

Now 

{i X idyr = A + Yi 

where A is the diagonal in Syni”^A x Syni”^X and hi is supported on Syni^A x Sym^^^X. 
Now we compute 7r'*(A), that is 

{([xi,-- - ,x'J,y')\[xi,--- ,Xm] = ,xy]] 

but by the dehnition of hbered product we have that 

/([xi,--- ,x™]) = g{y) =g{y') 

assuming g to be an embedding we get that y = y'. So 

7r'*A = Asym’^xx^y • 


Now 

= {(([xi,--- ,Xm],2/),([x'i,--- ,xy],y'))} 
where [x'^, •'' > ^m] = [l/i; ‘ ‘which means that 

Y*Y 


is supported on 


So 


(Sym”"X xz r) X (Sym^'^X Xz y) . 
7r'*(A + Yi) = Asym'^XxzV + ^2 


where Y 2 is supported on 


Now consider 


then 


(Sym”^X xz y) X (Sym^-'X Xz X) • 


p : Sym™X Xz X \ Sym^^-^X Xz X ^ Sym™X Xz X;, 


P*r;j,(X) =p*{Vx Syn« Xz X(Asy„,-xxzy + >^ 2 )) = P*iV + Xi) = p*(X) . 

Here Xi is supported on Sym"*“^X XzY. 

Now to prove that j* is injective, we apply induction on m. If m = 0, then since Y ^ Z 
is an embedding we have Sym™ Xz X is a point. Since Sym”X Xz X is projective we have 
that the inclusion of the point into Sym”X Xz X induces injective j*. 

Consider the following commutative diagram, 
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XzY) — B,{Sjm^X XzY) — B,{Xo{m)) 


B^iSynT-^X XzY) B,{Sym^X XzY) -- B,{U) 


Here Xo(m) is the complement of Sym™ ^X H in Sym"^X H and U is the comple¬ 
ment of Sym^-^X Xz H in Sym^X x^ F. 

Now suppose that 

j*iz) = 0 


that will imply that 


p*Kj*{z) = 0 


that is 


p*{z) = 0 . 


So by the exactness of the hrst row we get that 


jUz') = z 


Now we have that 

but by the induction hypothesis we have j" is injective from Sym™“^X x^F to Sym"X Xz 
Y. Therefore by the commutativity we have that 

f:iz') = 0 


hence F = 0 consequently z = 0. So j* is injective. 


□ 


Lemma 4.4. Let Y be a closed subscheme o/SynFX. Let i denote the closed embedding 
ofSjm^X into Sym’^X. Consider j : F fl Sym™'X —)■ F. Then is injective at the level 
ofB,. 


Proof. Follows from the previous proposition with Z = SynFX. □ 

So we get that the push-forward homomorphism from to B^:{J{C)') is injective. 

Hence arguing as in 13.11 we get that B^{Hc) to B^{J{C)) is injective. 

□ 
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5. COLLINO’S THEOREM FOR HIGHER ChOW GROUPS 


Let C be a smooth projective curve over an algebraically closed field. Let Sym’^C denote 
the n-th symmetric power of C. Let us fix a point p in C. Consider the closed embedding 
im,n of Sym™C to Sym”C, given by 

[xi, ■■■ ,Xm] H- [xi, ■■■ ,Xm,P,--- ,p] 

where [xi, • • • ,Xm] denote the unordered m-tuple of points in Sym”*C. Then the push- 
forward homomorphism im,n* from C'if*(Sym”*C') to C'i/*(Sym"'C') is injective as proved in 
|Co| Theorem 1]. In this section we prove that the same holds for the higher Chow groups. 
That is the push-forward homomorphism from (^//^(Sym^C, s) to C'i/*(Sym"'C, s) 
is injective. To prove that we follow the approach by Collino in |Co] . the argument present 
here is a minor modification of the arguments in m, but we write it for our convenience. 

Let T^ be the correspondence given by 

Tin X 7r^(r ) 

supported on (Sym™C Xspec(fe) A^) Xspec(fc) (Sym”C Xspec(fe) A^) where T' is the graph of the 
projection pr® ^ from (C"' Xspec(fc) A®) to (C™ Xspec(fc) A®) and 7r„ is the natural morphism 
from C” Xspec(fc) A® to Sym"'C Xgpec(fc) A®. Let p® be the homomorphism induced by T® 
at the level of algebraic cycles. 

First we prove the following lemma. 

Lemma 5.1. The homomorphism p® o at the level of the group of algebraic cycles, 
is induced by the cycle ^ *d)*r® on (Sym™'C' Xgpec(A:) A®) x (Sym^C Xgpec(fc) A®). 

Proof. Let’s denote i^^* We have 

gX{Z) = pr^Symrr^cxAs).{tl{Z) X Sym”^C x A®.r®) . 

The above expression can be written as 

pr{Sym'^CxA‘>)*{X X id),,{Z X Sym™C x A®).r®) . 

By the projection formula the above is equal to 

priSym^CxA^)* o X X id)XZ x Sym”"C x A®).(i® x ■id)*r®) . 

Since prsyra"^cxA= ° X x id) is the projection prsym^cxA^ we get that the above is equal 
to 

pr^sym^CxA^^XX X Sym”*C x A®).(i® x id)*T^) . 

Here the above two projections are taken respectively on (Sym^C* x A®) x (Sym”*^ x A®) 
and on (Sym^C x A®) x (Sym^C x A®). So we get that p® oi® is induced by X x fd)*r®. 

□ 

Now consider a closed subscheme W of Sym"'C. Let im,n denote the embedding of Sym”*C 

into Sym^C. Consider the morphism from (Sym™'C\i“^„IF) x A® to (Sym”C\hF) x 
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A^. Consider the restriction of F® to ((Sym^C \ W) x A^) x ((Sym^'C \ x A^). 

Denote it by F*'. Let denote the homomorphism induced by F®'. Then arguing as in 
the previous lemma EH] we get the following. 

Corollary 5.2. The homomorphism induced by the cycle ^ fd)*F®' on 

((Sym^C \ z-]^W) x A®) x ((Sym^C \ z-]^W) x A®). 

Proof. It follows by arguing as in lemma [5T] with g^, F® replaced by g^'^, F®'. □ 

Now let us consider the closed embedding Sym^^^C x A® into Sym^^C x A®, induced by 
the embedding Sym’^^^C into Sym^C. Let p® be the embedding of the complement of 
Sym™'”^^ X A® in Sym’^C x A®. Then we have the following proposition. 

Proposition 5.3. At the level of the group of algebraic cycles we have 


P^*oglozl=p^* . 

Proof. To prove the proposition we prove that 

(i® X id)-^F® = A U D 

where A means the diagonal in (Sym™'C' x A®) x (Sym^^C x A®) and D is a closed 
subscheme of (Sym™C x A®) x (Sym^'^C x A®). For that we write out 

(i® X id)-^F® , 

that is equal to 

(i® X id)"^(7r„ X 'Km)Graph{prl„f) . 

The above is equal to 

(i® X id)”^(7r„ X Ti,n){{{xi ■ ■ ■ (xi, • • • e C,(5® e A®} 

that is 

(i® X id)"^{([xi, • • • ,x„,(5®], [xi, ■ ■ ■ ,Xm,S''])\xi eC,6^ e A®} . 

Call the set 

{([xi, • • • ,x„,5®], [xi, ■ ■ ■ ,Xm,5''])\xi eC, 5'' e A®} 

as B, and the set 

(i® X id)"^{([xi, • • • ,x„,(5®], [xi, • • • ,Xm,(5®])|xi e C,(5® e A®} . 
as A. The set A is of the form 

So the set A can be written as the union of 

{([x; • • • , x'^, 5®], [x; • • • , x:„, 5®])|x. e C, 5® e A®} 


- ,P,x'm,d'])\xi eC,6^ e A®} , 
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and 






that is the union 


AUD 

where A is the diagonal in the scheme (Sym^'C' x A^) x (Sym™'C' x A^) and D is a closed 
subscheme in (Sym^C* x A^ ) X (Sym™ X A^) . Therefore we get that 

(i* X id)*(r) = A + y 

where Y is supported on (Sym’" x A®) x (Sym”^“^C x A®). So g^,il{Z) is equal to 
prsym-CxA»J(A + y)-iZ X Sym-C x A*)] = Z + 
where Zi is supported on Sym^^^C x A^. So 

p^*gX=p^*{Z + Z,)=p^*{Z) 

since p^*{Zi) = 0. Hence the proposition is proved. □ 

Now we want to run the same argument as in proposition 15.31 but for open varieties. That 
is let IT be a closed subscheme in Sym'^C'. Let us consider the embedding of (Sym”^“^C\ 
^ into (Sym”^C \ x A^, induced by the embedding Sym”*“^C into 

Sym^C. Let p^' be the embedding of the complement of (Sym™“^C \ ^ A® in 

(Sym™'C' \ i^n^) ^ A®. Then arguing as in proposition 15.31 we prove that 

Corollary 5.4. At the level of algebraic cycles we have 


Proof. We argue as in proposition 15.91 with gl replaced by g^\ and T'^ by T^' and noting 
that 

X ^d)*(r') = X n ((Sym-C\^-;„W X A*) X (Sym-C\^-;„W x A^)) . 

□ 

Now we prove that the push-forward homomorphism z® from (7i7*(Sym™'C', s) to C'iL*(Sym' 
is injective. This involves many steps. The hrst step would be to verify that the push- 
forward homomorphism z® is dehned at the level of higher Chow groups. Here ^ denotes 
the group of admissible cycles, as dehned by S. Bloch [Bl] . 

Lemma 5.5. im,n* defined from CH*{Sym^C, s) to CH*{SynYC, s). 

Proof. The morphism Zm,n is dehned from Sym'^C to Sym^C. That will give us a mor¬ 
phism z^„ from Sym™'C x A^ to Sym'^C x A®. So consider the face morphisms 

di : A®-^ ^ A® 


(^0) ■ ■ ■ ) ts-l) (fOy ■ ■ ■ ) ti-1, 0, tj, • • • , tg-l) ■ 
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C,s) 


given by 






This face morphisms give rise to the morphisms from Sym^C x A* ^ to Sym™C x A®, 
continue to call these morphisms as di. Consider the following commutative diagram 


Sym”*C X A 


S—1 


^m,7i 


Syrn^C X A 


s-i 


Sym^C X A* 


Sym^C X A^ 


From the above commutative diagram we get the commutativity of the following diagram: 


^*(Sym^C X A^)- - -- ^^(Sym”*^ x A^-^) 


i 


s — l 
m,n* 


^*(Sym^C X A^)-^-- ^*(Sym”C' x A*-^) 


The commutativity of this diagram and induced maps on admissible cycles shows that 
i^ n* is dehned at the level of higher Chow groups. □ 

Corollary 5.6. Let W be a closed subscheme o/Sym^C. Consider the morphism i from 
Sym^C \ i~^{W) to Sym”C \ W. Then the homomorphism i^n* *'5 defined from 
CHfiSyiirC \ r^hF), s) to CH*{^ym^C \ W, s). 


Proof. Proof follows by arguing similarly as in lemma 15.51 with Sym^C, Sym’^C' replaced 
by Sym^^C \ C^ (IT), Sym^C \ IT. □ 

Lemma 5.7. Let p be the inclusion from Sym”*C \ Sym”^“^C = Co(m) to Sym^C. Then 
the homomorphism p^* is well defined at the level of higher Chow groups. 


Proof. To prove this consider the diagram at the level of schemes. 


Co{m) X A' 




Sym”^C X A"-i 


di 


Co{m) X A^ 


Sym’^C X A* 
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That gives the following commutative diagram at the level of S’*. 

S*{^yYiSC X A^)- — -- S*{CQ{m) x A*-i) 


J^*(Sym"^C' X A^-i) - x A*-i) 

Therefore we have p^* is well dehned at the level of higher Chow groups. □ 

Corollary 5.8. Let W be a closed subscheme in Sym^^C. Denote the complement of 
Sym^^^C \ in Sym”^C \W as Wo{m). Let p be the inclusion of ITo(m) into 

Sym™'C' \ W. Then the homomorphism p®* is well defined from C'if*(Sym”^C' \ W, s) to 
CH*{Wo{m),s). 

Proof. Proof follows by arguing as in lemma lSTI with Co(m), Sym'^C replaced by ITo(m), Sym™'C\ 
W. □ 

Proposition 5.9. The push-forward homomorphism il from CH*{Sjm'^X, s) to C'if*(Sym”'A, s) 
is injective. 

Proof. We prove this by induction. First Sym^C is a single point and the morphism 
i^n — (Pj ■ ■ ■ )P)) SO the push-forward induced by this morphism is injective. Assume now 
that il is injective for m — 1 and any n greater than or equal to m — 1. Then consider the 
following commutative diagram 

0-- CH*{‘^ym^-^C, s/^AiA*C'if*(Sym™C', s) > C'if*(C'o(m), s) 


0-- CH*{^ym^-^C, s)*AAA CH*{^yYSC, s) -- CH*{{^ym^-^CY, s) 

In the above (Sym™'“^C')'^ is the complement of Sym™'”^^ in Sym^C. In this diagram 
the left part of the two rows are exact by the induction hypothesis and the middle part 
is exact by the localization exact sequence for higher Chow groups. Now suppose that z 
belongs to C'i/*(Sym™'C, s), such that 

4,n*(^) = 0 

and let Z be the cycle such that the cycle class of Z is 2 ;. Let cl{Z) denote the cycle class 
in the Higher Chow group, corresponding to the algebraic cycle Z. 

cl{p^*gX{Z)) = 0 
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Then we have 

















which means by the proposition 15.31 


c/(p**(Z))=0, 

hence 

p^\cl{Z)) = p^\z) = Q . 


So by the localization exact sequence there exists z' in C'i/*(Sym"* s), such that 

^ = 4-1,• 

By the commutativity of the left square of the above commutative diagram we get that 

4-1,= 0 • 

By the injectivity of we get that z' = Q, so z = 0, hence injective. □ 


Corollary 5.10. Let W he a closed subscheme inside Sym"C. Consider the embed¬ 
ding im,n from Sym™'C' \ lo Sym"'C \ W. Then the homomorphism i^^^ from 


CH ^{SynT^C \i^^^{W), s) to CH^{SyiiCC \W, s) is injective. 


Proof. The proof follows by arguing as in proposition 15.91 with Sym^C, Sym^C replaced 
by Sym™'C \ Sym'^C \ W respectively and by corollary 15.41 □ 
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